January 2009 



Anyons, Deformed Oscillator 
Algebras and Projectors 



JOHAN ENGQUIST 

Department of Physics, University of Oslo 
P.O. Box 1048 Blindern, N-0316 Oslo, Norway 

j . p . engquistOf ys . uio . no 



ABSTRACT 

We initiate an algebraic approach to the many-anyon problem based on 
deformed oscillator algebras. The formalism utilizes a generalization of 
the deformed Heisenberg algebras underlying the operator solution of the 
Calogero problem. We define a many-body Hamiltonian and an angular 
momentum operator which are relevant for a linearized analysis in the 
statistical parameter z/. There exists a unique ground state and, in spite 
of the presence of defect lines, the anyonic weight lattices are completely 
connected by the application of the oscillators of the algebra. This is 
achieved by supplementing the oscillator algebra with a certain projector 
algebra. 



1 Introduction 



In the theory of identical particles in one and two spatial dimensions there is a wider 
notion of statistics known as fractional statistics. In two dimensions, the associated par- 
ticles are known as anyons [1, 2, 3]. Specifying a physical many-body problem completely 
usually means that in addition to defining the relevant Hamiltonian we also have to spec- 
ify the statistics of the particles. In the theory of identical particles in two dimensions, 
however, instead of externally imposing the statistics by explicit (anti)symmetrizations, 
giving rise to bosonic (fermionic) wave functions, it may rather be imposed on the N- 
particle wave functions ^^^^ in a geometric fashion as 



where aa/s is an operator exchanging particles a and /3 in a counterclockwise direction. 
In more mathematical terms, the cTq,^ operators are the generating elements of the braid 
group Bn- This group differs from the more familiar permutation group iS^r in that the 
condition that the generators must square to one is relaxed, thus making it infinite- 
dimensional. This geometric formulation indeed turns out to allow for a wider notion 
of statistics - bosons and fermions are recovered only in particular limits, viz. when the 
statistical parameter z/ is put to either or 1. For non-integer the particles are known 
as anyons and have fractional statistics. 

Unfortunately, solving models with the anyonic symmetry conditions (1.1) on the wave 
functions is hard - even for free anyons. The main reason for why the anyon problems are 
difficult is because the wave functions are multivalued, implying that the A'"-anyon Hilbert 
spaces are not simple tensor products of single-anyon Hilbert spaces. The problem of two 
anyons in a harmonic potential was understood analytically a long time ago in the seminal 
paper by Leinaas and Myrheim [1]. The dependence of the energy E on the statistical 
parameter v in this particular case is linear. For three and more anyons, however, the 
problem becomes much more challenging since, in addition to these linear states, there 
also exist non-linear states with a non-linear E{u) dispersion relation. The spectrum of 
the low-lying non-linear states is partly known; but only from perturbative [4, 5, 6, 7] and 
numerical [8, 9, 10, 11] considerations for a small number of particles. The linear wave 
functions, which only constitute a minor part of all wave functions ior N > 3, are known 
to be holomorphic in the particle coordinates and may be treated exactly. But in spite of 
this, a proper algebraic construction for these states is still lacking - even for the simplest 
case of two anyons with an already intriguing weight lattice [1, 12]. By working with a 
standard (undeformed) oscillator construction, one is forced to introduce several "ground 
states" and to impose certain ad hoc restrictions in order to avoid producing singular 
wave functions which are detached from the physical spectrum (see e.g. the review in 
[13]). In this paper, we initiate an algebraic approach to the A^-anyon problem, based 
on deformed oscillator algebras, which is able to capture the linear u dependence of the 
exact energy and angular momentum spectra and which moreover connects the entire 
anyonic weight lattice so that in particular only one (proper) ground state is needed. 

In Section 2 we review the existing formalism with deformed Heisenberg algebras 
which is relevant for the problem of identical particles in 1 -|- 1 dimensions. In Section 3 
we extend this formalism to 2 + 1 dimensions and introduce a projector algebra which is 
needed for its construction. Throughout the article the main focus will be on two anyons 
(N — 2), but the formahsm also partly extends to anyons which can be considered 
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as a linearized analysis in u. In Appendix A we consider a simpler model involving an 
algebra with only one oscillator and find its spectrum. Appendix B is devoted to an 
explicit construction of the oscillator states for = 2 and calculations of their spectra. 

2 Deformed Algebras in One Dimension 

In preparation for what follows, in this section we review the exchange- operator formalism 
which was put forward in Refs. [14, 15, 16] in order to provide an operator solution to 
the Calogero problem of N particles. The relevant Hamiltonian is given by^ 

^ N N 

<? = ^E(^^^ + 4) + E7^^' (2-1) 

^ a=l a</3 ^f^> 

where Xa and pa are the coordinates and conjugate momenta of the particles and g is 
a dimensionless coupling constant. It is known [17, 18, 19] that this model is related 
to fractional statistics of identical particles in one dimension^. Furthermore, it serves as 
an effective description of the problem of N anyons in a strong magnetic field, where 
the dynamics is restricted to the lowest Landau level [18, 19, 20] (for a recent review, 
see Ref. [21]). The coupling constant g appearing in (2.1) is related to the statistical 
parameter u appearing in (1.1) as g = z/(z/± 1) where the sign is fixed by the symmetry 
of the ground state (antisymmetric or symmetric). 

2.1 The Relative Motion of Two Identical Particles 

Let us briefly motivate the utility of the deformed oscillator algebras [26, 27] which arc 
part of the exchange-operator formalism. The quantum spectrum of the relative motion 
of two particles in one dimension is organized by the Lie algebra sp(2) ~ sl{2) which is 
defined by the commutation relations 

[J-, J+] = 2J° , [J°, J±] = ±J± . (2.2) 

The unitary representations we are interested in below belong to the discrete series of 
s[(2). In particular, the metaplectic representations V{j) are specified by a lowest- weight 
state \j) with either j = (boson) or j = \ (fermion). It is known, however, that 
there exist more general representations T>{j) with quantum numbers j e M, obtained by 
going to the universal covering group associated with sl(2). By constructing an oscillator 
algebra [a~, a"*"] = 1 out of the relative coordinate and momentum in a standard manner, 
the generators of the st(2) algebra may be realized as the bilinears J° = |{a~,a"'"} and 
— ^{a^y. The bosonic and fermionic representation spaces then consist of oscillator 
monomials of even and odd powers, respectively, acting on a Fock vacuum. The more 
general representations with j G R, however, are not part of this oscillator construction. 
In order to describe these, we need the deformed Heisenberg algebra to be described in 
this section. As expected, the sl(2) algebra can still be represented as bilinears of these 
new oscillators. 

^Throughout the article, we use units in which x and p are dimensionless. We put h = 1. 

^ There also exists an alternative formulation of fractional statistics in one dimension more in the 
spirit of Schrodinger quantization [1]. This approach will not be pursued here. Note, however, that the 
two different notions of fractional statistics have a common origin in two dimensions as shown in [19]. 
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Now consider the Hamitonian (2.1) with N — 2. The center-of-mass motion can be 
separated from the relative motion and be quantized trivially. In the following we will 
work with the relative complex coordinates z = Zi — Z2, where z^ = (x^ + ipa)/V^- The 
key to solve the Calogero problem algebraically is to extract a Jastrow factor U (z) = 
from the Calogero wave functions ^(-2). The permutation group Si then has a natural 
action on the resulting wave functions $ = C/~^^ and an exchange-operator formalism 
turns out to be suitable to solve the problem. Generally speaking, an iSat exchange 
operator K^fi^ symmetric in its indices «, = 1, . . . , A^, acts on a one-particle operator 
Oa with a particle label a. by conjugation as 

Op = K^P^K-l , (2.3) 

which alternatively can be written as KapOa = OpKafj-, by using that = Ka/s, 
which in turn follows from KapK^p = 1. In what follows, Kap will be referred to as a 
permutation operator. 

Let us introduce a deformed oscillator algebra for the relative motion of the two 
particles which involves the statistical parameter v < 1/ < 2) and the permutation 
operator K12: 

[a, a^] = 1 + 2i/X , K = , (2.4) 

where the relative"^ oscillator a = A1 — A2. This algebra is complete once we have specified 
the relations between the oscillators and the new operator K. Since the permutation 
operator acts as KAi — A2K on a one-particle operator, as described above, we find the 
relations 

aK + Ka = and a^K + Ka^ ^ (2.5) 

for the relative oscillators. An operator anticommuting with the oscillators in this way 
is sometimes referred to as a Klein operator or a Kleinian. 

We may represent the deformed oscillator algebra in terms of the relative complex 
coordinate z defined previously as 

a^V = d+-{l- K) , a^^z, (2.6) 

z 

where {K, z} = Q and {9, K} = 0. With these formulas at hand we may, after a 
conjugation by U, write the relative part of the N — 2 Calogero Hamiltonian in an 
elegant way as [15, 16] 

H,2 = ^{a, at} ^a^a+^ + uK . (2.7) 

It is easy to show that the oscillators and a act as raising and annihilation operators: 
[H12, at] = at and [H12, a] ~ —a. By introducing a Fock vacuum |0), which is annihilated 
by a and symmetric under particle exchange, so that K\0) — \0),we immediately find the 
spectrum to be Hi2\n) = (n+ i + z/)|n), where we have defined \n) = (at)'^|0) (see Figure 
1). This is the standard shifted spectrum of the Calogero model [22]. In the complex 
coordinate representation, the wave functions take the form $n(-2) = -2", where $0 = 1 
corresponds to the Fock vacuum. While the raising operators at in (2.6) act trivially on 
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Figure 1: The spectrum of the N — 2 Calogero model for various values of u. The 

spectrum of the permutation operator is K\n) = {—l)"'\n). All representations may be 
described in the K = 1 subspace, with an even number of oscillator excitations. In par- 
ticular, 1/ = 0, |, 1 describes the bosonic, semionic and fermionic spectrum, respectively. 



these wave functions, the lowering operator a is responsible for the shift. In Appendix 
A, the algebra (2.4) and (2.5) is generalized by allowing for modified Kleinian relations, 
so that the "Calogero shift" enters only above a particular excited state. This type of 
algebra will be relevant for the anyon problem which will be treated in Section 3. 

2.2 N Identical Particles 

The formalism described in the previous subsection extends straightforwardly to N iden- 
tical particles [14, 15, 16]. To describe N particles, however, it is more convenient to 
include the center-of-mass motion, which requires a total number of 2A'^ oscillators 
and Al^, with a — 1, . . . , N. By using the permutation operators Kap, as defined in (2.3), 
the Sn- extended Heisenberg algebra takes the form 

TV 

7=1 

[Aa,Ap]^0, [AlAl]^0. (2.9) 

In a coordinate representation, these oscillators act on wave functions ^{{za}) with a 
well-defined permutation symmetry, as a consequence of redefining the wave functions 
by the Jastrow factor U^^\{za}) = YlaKisi^a — zpY . A conjugation by t/*-^-* enables us 
to write the A^-particle Calogero Hamiltonian (2.1) in the compact form 

1 ^ 

4a? = ^ Ei^- ' (2.10) 

^ a=l 

where the oscillators can be given the complex representation 

A^^d^ + vy^—^{l-K^p), Ai^z^. (2.11) 

The permutation operators act on the coordinates and derivatives in an obvious manner: 
KapZa = zpKap and Kapda = dpKaf}. By choosing the symmetric ground state wave 

■^We will use capital letters Aa for the oscillators associated with particles a, where a = 1,. . . ,N, 
and small letters for the relative oscillators Ua = Aa — Aa+i- 
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function = 1, which is annihilated by and having the ground-state energy £"0 — 
Y + ^^^2^^^ i^, the allowed excitations are given by symmetric combinations of the A^^ 
oscillators having K^js = 1. For details we refer to Ref. [16]. 

To connect to the discussion which opened Section 2.1, the bilinears in the oscillators 
close into deformed i/-dependent symplectic algebras of higher rank. In addition, all the 
A^-particle representations, for N — 2,3,4:, . . can be combined into representations of a 
certain //-independent higher-spin algebra which is closely related to Wi^^o [23, 24]. 

Incidentally, there also exist finite-dimensional (non-unitary) representations of the 
deformed Heisenberg algebra, as shown in Ref. [25] in the case of iV = 2. These repre- 
sentations are related to parafermions and certain generalizations thereof. 



3 Deformed Algebras in Two Dimensions 

In this section we introduce a certain 2 -|- 1-dimensional generalization of the algebra (2.8) 
which proves relevant for the anyon problem in two dimensions. At this stage the algebra 
is conjectured, and results from a certain generalization of the one-dimensional construc- 
tion. It is expected, however, to have relevance for the (linearized) analysis performed 
in Refs. [5, 6, 7], although this remains to be spelled out in detail. Analogously to the 
previous section, we first formulate the two-anyon problem, for which all the features of 
the new formalism is present. The A^-anyon algebra turns out to be "linearized" in the 
sense that we are able to capture the linear dependence in the E^u) dispersion relations, 
but not more. 



3.1 The Relative Motion of Two Anyons 
3.1.1 The Analytic Solutions 

The problem of two anyons in a harmonic potential was solved in Ref. [1]. By using 
complex coordinates Za = Xa + it/a and Za = Xa — iya, with a = 1,2, the Hamiltonian 
and angular momentum operator for the relative motion of the problem take the form 

= -499 + ^1^1' , 4? ^zd-zB , (3.1) 

where z = Zi — Z2 is the relative coordinate. In addition, we have to impose the anyonic 
symmetry condition (1.1) on physical wave functions which acts as (T12 : z —>■ e^'^z and 
z — > e'^'^z, and which is understood as a continuous interchange of particles 1 and 2 

in a counterclockwise direction. We assume that v > 0; the u < case can be treated 

(2) 

similarly. The regular solutions to the Schrodinger equation H-i-^^ — are given by 
two classes of eigenfunctions 

{z^ipm^niz, z) , m>n 
z Vm,n[z,z) , m<n 

giving rise to an interesting skew spectrum, see Figure 2. The single-valued functions 
'^m.n{,z,z) = e^l^l^/"^ ^™'q ^z™""^^""^ are, apart from an exponential dressing, 

polynomials of maximal degree {m,n) in the holomorphic/antiholomorphic coordinates. 



6 




Figure 2: The relative spectrum of the two-anyon problem. We have plotted the eigen- 

(2) (2) 

values of Ji and J2, where 7i]^2 = J1 + J2 and = Ji — J2, to emphasize the presence of 
defect lines around which the spectrum becomes shifted. The defect lines are associated 
with certain projectors and P~^, as explained in Section 3.1.2. 



The resulting spectrum becomes 

( {m + n + l + u)'^rn,n , m>n, 

O/WVIf — J 

I 1-12 ^m,n — \ 

( (m + n+ 1 - z/)*^,„ , m<n, (3.3) 

^i2'^m,n ^ (m-n + u)'ifm,n , ^ m,n . 

We stress that the energy eigenvalues are shifted with respect to the 1/ = eigenvalues 
to higher or lower values, depending on whether the angular momentum is positive or 
negative. By restricting m + n to be even, the bosonic spectrum is obtained ior u — 
and the fermionic spectrum for 1/ = 1. 

For z/ = and u = 1, the quantum spectrum above is organized by the Lie algebra 
sp(4), whose ten generators are formed out of bilinears in the relative coordinates and 
momenta. The bosonic and fermionic representations correspond to the two singleton 
representations of 5p(4) ~ so (3, 2) [28]. For a detailed analysis of these representations, 
see e.g. Ref. [12]. Interestingly, the two-anyon representations with u ^ 0,1 arc not 
proper sp(4) representations in general, due the presence of defect lines, but rather to a 
deformed version of sp(4). In Appendix A we examine a deformed sp(2) algebra which 
takes into account the presence of defects by containing projectors explicitly - see (A. 14). 

3.1.2 An N ^2 Oscillator Algebra 

A naive oscillator construction of the two-anyon problem based on an undeformed algebra 
fails. As reviewed in Refs. [12, 13], due to the presence of a "defect line" in the anyon 
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weight lattice, which cannot be crossed using these oscillators, there is no unique ground 
state. In relation to this, one is forced to impose certain ad hoc restrictions concerning 
the allowed oscillator combinations in order to avoid producing singular wave functions 
(i.e. to avoid passing the defect line). 

Therefore, we will introduce a deformed oscillator algebra for the relative motion - an 
approach which was successful in one dimension as reviewed in Section 2. The connection 
to an explicit coordinate representation, however, will be postponed to a future publica- 
tion. The algebra will act on single-valued wave functions, since a Kleinian is required 
to have a well-defined action on the eigenstates. A look at the algebra in (2.4), which is 
valid for one oscillator, suggests the following form of the "diagonal" part of the algebra: 

[a, a^] = 1 + 2uRl , [b, 6^] = 1 + 2uRl , (3.4) 

where the index i — 1,2 refers to the type of oscillator. To prevent cluttering the 
equations, for two particles we will often suppress the particle labels on the operators - a 
more proper notation for the new operators is {Rl)i2 as will be described in Section 3.2. 
The "mixed" parts of the algebra will necessarily involve new operators, R12 = (-Ri2)i2 
and Rl = (i?f)i2, together with their hermitian conjugates R^^ = — (i?i2)^ and Rl = 
{Riy, whose application on states will change their quantum numbers. A general form 
of the remaining commutation relations is 

[a, 6] = 2z/i?i2 , [a\b^]=2iyR^\ 

(3.5) 

[a, b^] = 2uRl , [b, a^] = 2uRl . 

Leaving these aside for the moment, our first objective is to explain the operators Rl 
appearing in (3.4). It turns out that only the sum of these operators amounts to the 

standard permutation operator which appeared in the previous section, meaning that 
K = R\ + R^. Here, however, with the presence of two oscillators, we have the Kleinian 
relations {a, K} = and {b, K} = and similarly for the raising operators. To appreciate 
these statements we have to introduce a certain projector algebra, which will be described 
next. Henceforth, we will assume that v >0; the case v < may be treated in complete 
analogy. 

It turns out that, in order to define the operators R] appearing in (3.4), and to find their 
relations to the oscillators, we first need to introduce operators which project onto states 
with fixed relative angular momentum C^is — J^i2 — i'^uV , where a and (3 are particle 
labels. For convenience, we anticipate the result that the angular momentum operator 
of our problem acts in a standard fashion with respect to the oscillators according to 

[Cu,a^]=a^, [£12,6^] = -6^ (3.6) 

as will be proven shortly (see (3.17) and (3.19)) and which also can be inferred from (3.3). 
This implies that whereas a and b'' decrease the angular momentum, b and a''" increase it. 
In particular, the monomial (a^)'"(6^)" carries angular momentum AC12 = m — n. Let 
us therefore introduce a projector algebra associated with the relative motion between 
particles 1 and 2 

P"^P" = 5^,P", m,neZ, (3.7) 
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Figure 3: The exchange relation a'^P" = P"+^a^ illustrated in an example. We zoom 
in around states with angular momenta n > and n + 1 in the anyon weight lattice of 
Figure 2. Consider the states \n) and |n+ 1) = a^n) with angular momenta n and n + 
respectively. Since raises the angular momentum by one unit, it is equivalent to (i) 
first project with P" onto \n) and then act with and (ii) first act with and then 
project with P"+^. In equations this reads a'''P"|n) = a^\n) — \n + l) — P"+^a^|n). 



where P"' = P{^, together with the exchange relations 

P"a = aP"+^ , P"6 = hP'"'^ . 



(3.8) 



We learn that P^ projects onto states with a fixed angular momentum. The completeness 
relation reads P" = 1. To see how the projectors act in a Fock space, introduce a Fock 
vacuum |0) such that P"|0) = 5n,o|0) and with a fixed angular momentum i2i2|0) = z/|0). 
Then it is easy to prove that for the excited states (A/"m,n are calculated in Appendix B) 



|m, n) 



m,n\ 



we have that 



P^\m, n) 



|m, n) 



(3.9) 



(3.10) 



Hence, P^ projects onto states with a fixed relative monomial degree m — n = p, or 
equivalently, using the relations in (3.6), onto states carrying fixed relative angular mo- 
mentum Ci2 = p + u. In Figure 3, we illustrate the action of the projector algebra in an 
exphcit example. Incidentally, we point out that from the result (3.10), it is clear that 
the projectors may be realized explicitly as P" = X]m>o + TO)(m + n, m|, which can 
be verified to be consistent with the definitions in (3.7) and (3.8). For a simpler example 
of a projector algebra involving a single oscillator, we refer to Appendix A. 

With the P" projectors at our disposal, it is easy to construct operators which project 
onto either positive or negative angular momentum eigenstates, or equivalently onto the 
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two different types of wave functions discussed in Section 3.1.1. Projectors with these 
properties are 

(qXp ^ E ' (^lu ^ E ' (3-11) 

n>0 n<0 

where we have written out the particle labels explicitly to facilitate a generalization 
to N particles in the next subsection. The completeness relation can be expressed as 
(0i)a/3 + (02)a/3 = ^- Fiom these projectors, we can now finally define the operators 
appearing in the algebra (3.4) as 

(Ri)af3 = i^DapKap , (3-12) 

SO that their sum indeed is given by the standard permutation operator K^p = {Rl)ap + 
as claimed above. As already mentioned, in the N — 2 case the particle labels 
will be suppressed, since there is only one independent combination, viz. i?* = {Rl)i2. 
By projecting the standard Kleinian relations {a,K} — and {b,K} — with (0^)i2, 
we derive the modified perrriAdafAon relations 

Ria + aRi = {-lyKP-^a , R^b + bR] = {-iy-^KP% , 

(3.13) 

Ria^ + a^Ri = {-lya^KP-^ , Rp + b^R] = {-if-^b^KP'' . 

These relations tell us that Rl act as ordinary permutation operators, except in the 
vicinity of of the defect lines P^ and P~^, where there is a shift by ±1. The R] spectrum 
is calculated in Appendix B, see (B.IO). 

Next, we turn to the mixed parts of the algebra. Just as we need relations between 
the oscillators and the "Kleinians" R] given in (3.13), to specify the algebra completely, 
we also need relations between the oscillators and the new operators R^, R^^, Rl and 
Rl- It turns out that a consistent choice is 

bRl - a^Ru + Rla = , aRl + 6^i?i2 + = , 

(3.14) 

R\b - Ri2a^ + ai?^ = , Rla + i^iaft^ + = , 

and similar relations for their hermitian conjugates. These relations are consistent with 
the Jacobi identities of the algebra under consideration and in addition gives rise to 
natural generalized step operators; more precisely, if we define the commuting generators 
("deformed" sp(4) Cartan generators) 

Ji = \{a,a)] = a^a + ]--\-vR\ , (3.15) 

J2=|{6,6t}^i,tft + l + ^i?2^ (3.16) 

their eigenvalues will step in a way consistent with the two-anyon weight lattice, viz. 
[Jl, = - va^KP-^ , [Ji, 6^] = -ub^KP^ , 

(3.17) 

[J2, 6t] ^ _ lyftt^po ^ jj^^ ^t] = -ua^KP-^ , 

where we have used the relations in (3.13) and (3.14). For instance, the first of these 
commutation relations means that when applying a' in a Fock space, the eigenvalue of Ji 
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will always step in units of 1, except when the defect line is crossed when the change 

instead is 1 ± z/, where the sign is fixed by the action of K on the ground state. This is 
precisely what is seen in the weight lattice, see Figure 2. The remaining commutators in 
(3.17) can be given similar interpretations. 

The relations between the R] operators and the remaining R operators are given by 

RlRl - , m, R,2] = , Rf] = i-iyRlK{P' + P') , (3.18) 

whereas the relations between the Rf and Rij operators are more involved and not very 
useful. For instance, we have the commutation relation 2z/[i?i2, -R^^] = 2{JlR2 + J2R1) + 
aR^b^ + W R\a + hR\a^ + a^Rfb. Let us mention that we have been unable to find an 
expression similar to (3.12) for the Rj and Rij operators, expressing them in terms of 
the permutation operator and the projectors. As opposed to R], some of these operators 
carry net angular momentum and can consequently not be expressed solely in terms of 
K and P". 

We are now in a position to define the Hamiltonian and angular momentum operator 
for the relative motion of two anyons: 

= Ji + J2^ a^a + b^b+l + uK , £12 = Ji - J2 . (3.19) 

These definitions are motivated by the fact that (i) they reduce to the correct operators 
for v — and (ii) they give the correct one-dimensional restriction (for instance by 
putting J2 — 0). Their commutation relations with the oscillators are given by (3.6) and 

[7^12, = - 2i/atXP-i [Hu, b^ = 6^ - 2ub''KP° (3.20) 

both of which follow from (3.17). The excited oscillator states defined in (3.9) then obtain 
the energy and angular momentum eigenvalues 

{(m + n + 1 + z/) |m, n) m> n , 

[m + n + 1 — v) \m, n) m < n , 

jCi2\m,n) — {m — n + i')\m,n) \/ , (3.22) 

in agreement with the analytical result in (3.3). In this oscillator construction, the 
bosonic-like and fermionic-like representations with K — 1 and K — —1, respectively, 
are combined. By restricting to the K — 1 sector (with m+n even), the bosonic spectrum 
is obtained for z/ = 0, the semionic spectrum for = \ and the fermionic spectrum for 
u = 1. A more detailed analysis of the Fock space is presented in Appendix B and an 
algebra which describes the various one- dimensional restrictions (for fixed m or n) is 
described in Appendix A. Let us stress that in this oscillator construction, all points in 
the anyonic weight lattice are connected by the application of oscillators, reachable from 
a unique Fock ground state. This is in sharp contrast with the undeformed oscillator 
construction where several "ground states" are needed and the defect lines, described in 
our language by P° and P~^, must not be crossed (see e.g. the discussion in Ref. [13]). 

3.2 N Anyons 

In an attempt to generalize our algebraic construction to N anyons, we immediately 
realize that the resulting construction will not be able to capture the full non-linear 
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dependence in the E^p) dispersion relations, since the algebra resulting from a mere 
"covariant lift" of the results (2.8), (3.4) and (3.5) will only involve two-body interactions. 
Nevertheless, as a consequence of the latter and by consistency of the algebra, our model 
will be able to capture not only the correct linear dependence (proven in some cases where 
we have access to a perturbative analysis and are able to compare) , but also succeeds in 
connecting all points in the anyon weight lattice. 

3.2.1 Existing Analytic Solutions 

Only a tiny part of all solutions of the A^-anyon problem is known analytically [29, 30, 
31, 32, 33, 34, 35]. The E{u) dispersion relations corresponding to these known wave 
functions are all linear. Let us briefly describe the simplest analytic solutions to the 
problem of anyons in a harmonic potential. By redefining the wave functions by a 
factor of exp(— I kaP); the Hamiltonian and angular momentum operators read 

N N 
7^(iV) '^9ada + Zada + zja + l) , ^C^^^ = J] {z^d^ - zja) , (3.23) 

a=l a=l 

where we use the complex coordinates Za — Xa + iya ^-nd — d/dza- By taking 
into account the anyonic symmetry condition (1.1), we determine the ground state wave 
function to be 

N 

^""^ - U('a - , (3.24) 

with eigenvalues 

) =N + lN{N - \)v , = iiV(iV - \)v . (3.25) 

Excited states built upon this ground state are obtained by applying appropriate holo- 
morphic functions V{\zaY) symmetric in the particle coordinates to the ground state. 
These wave functions all have linear E{y^ dispersion relations E = ^(N) + u, 
where 7(A^) is a constant. Another class of analytic solutions is built upon the state 
*'(^) = Ua<pi^c. - z/sf'", which has eigenvalues E'(^^ = A + ^^^^^(2 - i/) and 
j^/{N) _ NiN-1) _ 2y rj^-^Q energy eigenvalues of the excited states built upon ^'(^) 

take the form E — 7'(A) + (2 — u), where 7'(A) is a constant. 

Concerning the non-linear wave functions, with a non-linear E^u) dispersion relation, 
very little is known analytically. There are, however, some numerical results for the low- 
lying spectrum of three and four anyons [8, 9, 10, 11] as well as some perturbative results 
[6, 4, 5]. Nevertheless, certain simplifying observations may make the problem tractable; 
this approach will be elaborated on in a future publication [36] . 

Finally it is important to realize that the angular momentum has a u linear dependence 
for all states, linear as well as nonlinear - a fact that can be proven by general arguments 
[37]. 

3.2.2 A Linearized Deformed Oscillator Algebra 

To describe N anyons algebraically, we need 2A raising operators A^, and Bj^ and 2A 
annihilation operators Aq, and B^- To facilitate the presentation of the algebra, we 
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combine these into 5u(2) doublets {i — 1, 2) 

A^, = {A^,B^), Ai, = {AlBi), (3.26) 

and define their associated oscillator grading 

g{z) ^ g{A,^) ^ g{Al^) , g{{) = (-1)-^ . (3.27) 

We now propose the following linearized N-anyon algebra 



N 



[Aai, A^f,] = SapSi + 1^6^p Y^^ma, ' i^(^i)a/3 , (3-28) 

7=1 

N 

[Aai, A)3j] = ydafj ^(-Rii)a7 " ^{Rij)a(i , (3.29) 



7=1 
N 



K, 4] = u5ap Y.^R''U - ^{R'^U ■ (3-30) 

7=1 

It results from a straightforward extension of the previous results displayed in (2.8), 
(3.4) and (3.5) and involves the operators {Rl)a/3 = {{R))a/3V, {.Rij)ai3 = —{Rji)a^ and 
{R^^)ai3 = —{{Rij)ai3V which are all symmetric in the particle labels a and (3. We notice 
that the center-of-mass oscillators 

N N 

7X7 E^^- ^^ = 77X7^^- (3-31) 



a=l a=l 

obey an algebra [q, = Sj and decouples completely from the relative oscillators 

aia = (Oa, fea) = ^(^- - ^a+l,i) , < = (ol &l) = ^(^L " K+l) , (3-32) 

in the sense that [q, Gaj] = and [c\ aaj] = 0. Of course, only A^ — 1 of the aai oscillators 
are independent, since ^^^^^ aai = 0. The two-anyon algebra (3.4) and (3.5) is recovered 
if we express the algebra in (3.28)-(3.30) for A'" = 2 in terms of the relative oscillators 
(3.32). The A'"-particle algebra (2.8) in one dimension is recovered if we focus on the 
i — 1 content of the same. 

The permutation operators Kap are defined by 

Ka/sAai = ApiKap , KafjA^^ = A'-pKap , KapKafj = 1 , (3.33) 

and are related to the operators appearing in (3.28) as 

2 

= J2{Ri)a0 , (3.34) 

i=l 

in exact analogy with the N = 2 case, recall (3.11) and (3.12). In the iV-particle case, 
however, we need N{N — l)/2 projectors which are interpreted similarly as in Section 
3.1.2: they project onto states having relative angular momentum Cai3 = n + u between 
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particles a and /3. Using the oscillator grading (3.27), the relevant two-body projector 
algebra can be written covariantly as 

^aP^aP — ^mnPaP ' (3.35) 

P^piA,^ - Ap) = {A^ - A,^)P:;^« , (3.36) 

P^Ma - 4) = (^a - 4)P:p'^'^ , (3.37) 

whereas the two-body center of mass decouples [P^g,Aia + Aip] — 0. We also define 
P^pA^ — A^P^p for a 7^ /9 7^ 7. The modified permutation relations are obtained by 
acting on (3.33) with the projector {QX)oip defined in (3.11): 

{{E'Xp, ^00. - ^.•/3} = {-lygimcfiPiti^oo. - A^0) , (3.38) 

{(i?i)«^, Ai - = i-iygUKAi - Ap)K^pPff . (3.39) 

By summing over i, the relations in (3.38) clearly implies that {Kai3,Aja — Ajp} = 0. 
The relations between [Rj)ai3, with j 7^ i, and the oscillators read 

Aia{B^)af3 + {RdapAj^ + {Rij)apA'p = , (3.40) 
{R])al3Aia + Aja{Rl)ap + Ap{Rij)aP — , (3.41) 

and similar relations for their hermitian conjugates. These relations are consistent with 
the Jacobi identities. The two-body center-of-mass oscillators Aj^ + Ajj^ decouple from 
the R operators, so that for example [{Rij)ai3, Aja + Ajf^] — 0. Finally, the relations 
between the R operators are similar to those in (3.18). 

We define the iV-particle Hamiltonian and angular momentum operators as 

i,a i a a<l3 

where the sums run over i — 1,2 and a — 1, . . . ,N. Again, these definitions are motivated 
by the fact that they reduce to the correct expressions for u = and furthermore give 
the correct one- dimensional restrictions, cf. (2.10) in Section 2.2. A straightforward, 
calculation gives the results 

[K AL] ^Al,-u ^(^^ - A^p)K^pP:-^' , (3.44) 

[A>iL]=5(^K, (3.45) 

from which we see that A^^ act as ordinary raising operators, except that they will pick 
up extra contributions when passing some of the defect lines -P^g^. It follows from (3.44) 
that the center-of-mass oscillators defined in (3.31) obey [7i, c*] = c*, as we expect. 

To find the spectrum of the model, we introduce a lowest- weight state |0) with fixed 
Kap and P^^ eigenvalues. We choose a symmetric ground state which is invariant under 
arbitrary exchanges of pairs of particles: 

Aa|0) = , K^p\0) = |0) , P^f,\0) = Sn,o\0) . (3.46) 

14 



The Kai3 = 1 and K^fi = — 1 sectors built upon this ground state correspond to starting 
from the bosonic and fermionic ends of the spectra at z/ = 0, respectively. For the A^- 
particle ground state |0), we directly find from (3.42) and (3.43) the correct eigenvalues 
(3.25) that was calculated previously; to show this we use that {R])ai3\^) = which 
results after applying the projector (6^)0/3 defined in (3.11) to the second equation in 
(3.46). In a coordinate representation, the oscillators under consideration act properly on 
single- valued wave functions, so that a Jastrow factor of the form U = Yia<8(^'^~ ^i^^ 
to be extracted from the multi- valued wave functions analogously to the one-dimensional 
case, cf. Section 2.2. In particular, this means that the ground state |0) should correspond 
to the single- valued wave function <?q^^ = 1. 

Let us construct the lowest-lying three-particle oscillator states. For these states we 
have access to both numerical and perturbative results, to which we can compare. We 
want to find states which simultaneously diagonalize the Hamiltonian and the angular 
momentum operators appearing in (3.42) and (3.43), viz. 

= E\^) , = L|*) , (3.47) 

and which in addition are either totally symmetric or antisymmetric under any inter- 
change of particle labels (so that K^p = ±1). As shown before, the center-of-mass 
excitations \{ni)) — 11^=1 (c*)"' 1 0) decouple from the relative excitations and therefore 
all have the same u dependence as the ground state. In the following, we will focus on 
the relative excitations with oscillators = ('^L ^a) defined in (3.32). Recall from the 
discussion in Section 3.2.1 that there are two classes of states for > 3: the linear and 
the non-linear ones. For N — 3, all linear states have energies going as Si/. We will refer 
to the states constructed below as either hnear or "non-linear" , although the latter ones 
will capture only the linear dependence on z/ in a sense described below; this is due to 
the limitations of the current formulation of our model. On the other hand, since the 
angular momentum operator has a standard commutation relation with the oscillators, 
see (3.45), all of its eigenvalues come out correctly compared to an exact analysis; the u 
dependence is fixed by the v dependence of ground state. 

As already mentioned, for the ground state |0), we immediately read off from (3.42) 
and (3.43) that Eq = 3 + 3u and Lq = 3z/. In the following we label states by their energy 
and angular momentum eigenvalues for 1/ = so that for the ground state we have that 
1 3, 0) = |0). There are no single-oscillator excitations but there are three states involving 
two relative oscillators which explicitly are given by (unnormalized) 

|5,2) = {a\al + 44 + 44) |0) > (3-48) 
|5,0) = (461 + 44 + 46^)10) , (3.49) 
|5, -2) = (6l6t + 44 + 44)10) , (3.50) 

with eigenvalues summarized in Table 1. As described above, the angular momentum 
eigenvalues come out correctly compared to an exact analysis. The energy eigenvalues of 
the linear states |5, 2) and |5, 0) come out correctly and the linear 1/ dependence is absent 
for the "non-linear" state |5, —2). The latter result is in agreement with the pertTirbative 
analysis of Refs. [7, 5], where it was shown that the energy of the non-linear state goes 
as E{u) =5 + |i/2ln| + C(i/3). 
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State 


E 


L 




|5,2) 


5 + 3z/ 


2 + 3z/ 




|5,0) 


5 + 3z/ 


3z/ 




5,-2) 


5 


-2 + 3i/ 



Tabic 1: Energy and angular momentum eigenvalues of states with two relative oscil- 
lator excitations. The states |5,2) and |5,0) correspond to linear states while |5, — 2) 
corresponds to a "non-hnear" state. 



State 


E 


L 




|6,3) 


6 + 3z/ 


3 + 3z/ 




6,1) 


6 + 3z/ 


1 + 3z/ 




6,-1) 


6 + f 


-l + 3i/ 




6,-3) 


6 - — 


-3 + 3i/ 



Table 2: Energy and angular momentum eigenvalues of states with three relative oscillator 
excitations. The states |6,3) and |6, 1) correspond to linear states while |6, — 1) and 
1 6, —3) correspond to "non- linear" states. 

For three relative oscillator excitations we find the diagonal states 



6,3) = (4 - - - 4)|o) , (3.51) 

6, 1) = (4 - 6^)(4 - a{){a\ - 4)|0) + c.p. , (3.52) 

6, -1) = (4 - al){bl - b\){b\ - 4)|0) + c.p. , (3.53) 

6, -3) = {hi - hl){hl - b\){h\ - h\m , (3.54) 



where c.p. stands for cyclic permutations. The associated eigenvalues are summarized 
in Table 2. The states |6,3) and |6, 1) are linear while |6, — 1) and |6, — 3) are "non- 
linear" . While the angular momentum eigenvalues all come out correctly, only the linear 
V dependence of the exact energy eigenvalues are captured. The perturbative analyses 
in Refs. [7, 5] shows that the energy eigenvalue of the non-linear state |6, —3) is E{u) = 
6 — |i/-|-|z/^(31n| — 1)-|-C(z/^), in agreement with the result in Table 2 to linear order. 
As also seen in the table, the linearized energy of the state |6, —1) is = 6 -|- in 
harmony with the result of Ref . [7] . 

We emphasize that one may equally well start from the fermionic end with states 
having K^p = — 1. The first fermionic "non-linear" state is given by 

\5,0)f^{A\-AI)bI\0) + c.p. (3.55) 

One can check that for this state, the energy correction vanishes to linear order in i>, in 
agreement with the result in Refs. [4, 7]. 

Consequently, for the lowest-lying three-anyon states, we find agreement with the 
exact anyon spectrum to linear order in u. This can be summarized in the equations 

E(u) = Eii^eari^y) + 0{iy^) , L{iy) = LuneaM , (3.56) 
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where £{1/) and L(i/) are the results obtained from numerics and Eunear and Lunear are 
the eigenvalues obtained from the model defined by (3.42) and (3.43) as well as from 
perturbative analyses. We expect this agreement to hold for arbitrary N ^ although this 
needs to be elaborated on further. It is a quite tedious, but straightforward, exercise to 
determine the eigenvalues of an arbitrary state, due to the presence of the projectors and 
the modified permutation operators in the algebra. 

4 Conclusions and Outlook 

In this paper we have examined an A^-particle model defined by the Hamiltonian and 
angular momentum operator in (3.42) and (3.43) together with the deformed oscillator 
algebra (3.28) - (3.30). The algebra is nonstandard due to the presence of defect lines 
P"^ which implies that the standard permutation relations need to be modified. We find 
step operators which act in a nearly standard fashion - the difference being that extra 
contributions proportional to v are picked up whenever some defect line is passed. 

Since the exact anyon angular momentum spectrum is linear in z/, our model com- 
pletely reproduces it. Moreover, the energy (3.25) of the A'"-anyon ground state comes 
out correctly. For the lowest-lying three-anyon states, we have shown that the model is 
able to capture the linear v dependence of the exact energy eigenvalues E^i/), for both 
the linear and non-linear states; the spectrum of the linear states is thus fully reproduced. 
Indeed, the algebra considered in this paper is of direct relevance for a perturbative anal- 
ysis in 1/ along the lines of Refs. [5, 6, 7], where it was shown how to calculate the linear 
and quadratic parts of the A'"-anyon spectrum. In lack of a complete classification of the 
first-order perturbative spectrum in z/, we are unable to compare our resulting spectrum 
further. Nevertheless, we expect that the agreement will continue to hold. 

To develop the algebra further, by including contributions of non-linear nature, it 
is crucial to make contact with the coordinate representation analogously to the one- 
dimensional described in Section 2. There, the connection can be made exphcit 
by utilizing a coherent-state representation [38]. We expect that a similar construction 
should work in the two-dimensional case, although it is expected to be more involved. 
Ultimately, there is need for a better analytical understanding of the non-linear wave func- 
tions. In a future contribution [36], we will describe a systematic approach to find them. 
At present, it is not clear whether a non-linear completion of the linearized A'^-anyon al- 
gebra (3.28) will involve additional modifications on the right-hand side or whether it is 
required to modify the projector algebra, for instance by taking into account three-body 
interactions. We believe that the approach considered in this paper, working algebraically 
and analytically side by side, will be useful in gaining further insight into the many-anyon 
problem. 
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A A Generalization of the <S2-extended Heisenberg 
Algebra 

In this appendix, we generalize the deformed Heisenberg algebra described in Section 
2.1. These algebras appear as subalgebras of the linearized iV-anyon algebra of Section 
3. We keep the same structure of the commutation relations (2.4), 

[a, a^] = 1 + 2i//C^ , (A.l) 

but modify of the permutation relations (2.5), which is signified on the operator /C^ by 
a superscript M. More specifically, we introduce a projector algebra with the properties 

= Smn'P'' , {P^y = , aP" = V'-^a , a^P" = P"+^a^ , (A.2) 

where n is an integer, and modify the permutation relations (2.5) according to 

a/C*^ + /C^a = -V^Ka and a^/C^ + /C^a^ = -a^KV'' , (A.3) 

for a fixed integer M. Here, K = K12 is the standard permutation operator (2.5). A 
Fock space vacuum |0) is fixed by specifying the action of K.^ and V"^ {M > 0): 

a|0) = , /C^|0) = , T'^IO) = 5„,o|0) . (A.4) 

Define a to be + or — depending on whether M is even or odd. For the (normalized) 
states 

\n) = AC(at)-lO) , K=fl . , , \m^u ^ ' (^-^^ 

Jtii V^ + 2i/(-1)^+i(Pm)^ 

we then find that the "Calogero shift" by u will appear for excitations above the state 
|M), but not for excitations below it (the coefficients {pM)m defined below in (A. 10)). 
To see this, note that the and K.^ spectra are given by V'^\n) — Sn,M\n) and 

f , n<M 
IC^ln) = I , (A.6) 

((-l)"|n) , n>M 

so that that, effectively, the algebra (A.l) appears to be undeformed for n < M. The 
spectrum of the "Hamiltonian" i?(M) — ^{O', c^^} = a^<2 + I + vK,^ is found to be 

f (n + i)|n) , n<M 
H(M)\n) = I , (A.7) 

l(^ + i + (-ir+'^)N , n>M 

using that [-ff(M), 0)] = a) — va^KV^ . Incidentally, to get a shift by (— l)^z/, we change 
sign on the right-hand-side of (A.3). Let us consider the case when M is odd; the case 
when M is even is completely analogous. The oscillators act on normalized states as 

a\n) = + 2v{pM)n\n - 1) , (A.8) 
a)\n) = V« + l + 2i/(pM) + |n + 1) , (A.9) 
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where {pM)n 3-^6 the eigenvalues of the projectors tt^ = |(1 ± X)©^ so that 7r^|n) = 
(Pm)^|?T')- They take the values 

f , n<M 

where (©^)n are the eigenvalues of the projector ©^ = Sn>M+i states \n). 

©■^ is an operator projecting onto states above the "defect" V'^ . Let us point out that 
the modified permutation relations (A. 3) can be derived starting from the definition 

and projecting the standard permutation relations in (2.5) by ©^. This is in complete 
analogy with the method described in Section 3.1.2. 

With the unimodular Fock states \n) available, together with their duals (n| = 
the oscillators and the projectors can be reahzed as (for M odd) 

oo 

a^Yl Vri + MPM)n\n - l){n\ , (A.12) 



n=0 

oo 



at 



J2Vn + T+Mm)t\n+l){n\ , = |n)(n| , (A.13) 



n=0 



fulfilling (A.1)-(A.3). 

Interestingly, the representations of the algebra (A.1)-(A.3) are not proper sp{2) ~ 
sl{2) ~ so(2, 1) representations due to the presence of a defect. Rather, they are rep- 
resentations of a deformed algebra 5((2)(,^.m) which is specified by two parameters. The 
algebra takes the form 

[J-, J+] = 2J° + vJ^K{V^+^ - V^) - \vK{V^ + V^^^) - yv"^-^^ , 

[jo, j+] = j+ + iuj+K{v^-' - r^) , 

(A.14) 

[jO, J-] = _ J- + _ pM-l)^j- ^ 

[jo, :p^] = , j^v^ = pM±2j± ^ 

together with [V"',K] = 0, [J'^jK] = and [J^,K] = 0. As expected, the generators 
may be realized in terms of the oscillators appearing in (A.l) as 

J- = la\ J+ = l(at)2, J° = ^//(M), (A.15) 

which guarantees that the Jacobi identities are obeyed. One can check that there are two 
types of lowest- weight states \ fl) which fulfill J~\fl) = 0. These are realized in the Fock 
basis by = |0) and IQ2) = a^O). The representation spaces built upon these with 
J"*" consist of an even and odd number of oscillators on the Fock vacuum, respectively. 
There is no standard quadratic Casimir operator commuting with all the generators. All 
we can require is that the operator C2 — ^{J~^J~ + J~ J^) — J^J^ takes constant values 
on both sides of the defect. 
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B Representation Theory for N = 2 



In this appendix, we present the representation theory of the two-anyon algebra exphc- 
itly using our oscillators. We are interested in representing the algebra (3.4) and (3.5) 
unitarily in a Fock space. This means that the representations necessarily are infinite- 
dimensional. We introduce a unimodular lowest-weight state |0) which is annihilated by 
the lowering operators a and h. To characterize the representation uniquely, we have 
to specify the action of the Kleinian K and the projection operators P" on the ground 
state. We choose the conditions 

X|0) = |0) , P"|0) = 5nM , (B.l) 

which state that the ground state is invariant under an exchange of the particles and that 
it is carrying angular momentum C12 — v (recall that P" projects onto states carrying 
Lyi = n + u). There is freedom, however, to choose alternative representations, for 
instance one with an odd ground state, such that K\0) = — 10). 

Next, we consider the excited states. We stress that the ordering of the oscillators is 
important since they do not commute. For instance, as a consequence of the commutator 
[a^, — 2i/P^^, it is clear that 6^a'''|0) 7^ a^b^O). We choose a "normal ordering" in which 
the oscillators are put to the left of the b^ oscillators, so that we may define 

\m,n)=MmAaY{bY\Q) , {m,n\ = AA^,„(0|6"a"^ , (B.2) 

where J^Tn,n are normalization constants. By defining the norm of the ground state 
(0|0) = 1 and choosing the normalization constants to be real, we establish that 

m ^ n ^ 

k=i + 2v{p\)i^ i=^^i- MpDti 

Here, {pl)mn ^^'^ eigenvalues of the projectors {tiI)"^ = |(1 ± K)Ql, with i — 1,2, so 
that (7r^)^|m, n) = (p^)^„|m, n). They take the values 

(p:)tn = i(i±(-ir^")(©:) 

where {Ql)m,n are the eigenvalues Ql\m, n) — {Q))m,n\fn-i n) of an operator which projects 
onto states with positive (m > n) or negative (m < n) angular momentum; see its 
definition in (3.11). Here, is a Kronecker delta function which we allow ourselves to 
use in a non-covariant fashion. 

Let us mention that starting from the Kleinian K, we may define the projector 

U^ = l{l±K), H±H± = 1, H±H^ = 0, (B.5) 

with corresponding eigenvalues P^n — -'- (—I)'"'''")- Its relation to the projectors 
above is simply H='= = {'^l)± + {'^2)±- 



i^Hl ± (-1)™+") , m>n 

" , (B.4) 
i5,^(l±(-l)-+") , m<n 
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The oscillators act on the normahzed states as 



a\m, n) 



m + 2i/(pi)-_„|m- l,n) , 



(B.6) 



a' |m, n) 



m + 1 + 2z/(p})+^„|m + 1, n) 



(B.7) 




6|m, n) 



n-2i/(pi)+ „|m,n- 1) , 



n+l-2z/(p2)-_^|m,n + l) . 



(B.8) 



(B.9) 



Finally, for completeness, we examine the R\ eigenvalues. Prom the modified permu- 
tation relations (3.13) it is easy to show that 



Hence, above the defect fine P~^, i.e. for m > n, we have that I^ — ^ which means that 
in this upper wedge h and act as an ordinary (undeformed) oscillators, cf. (3.4). This 
is exactly what is seen in the weight lattice in Figure 2: above the defect line, the J2 
eigenvalues are not shifted. The opposite is true below the defect, where the a and 
oscillators act as though they were undeformed, and the Ji eigenvalues do not become 
shifted. 




m> n 



m < n 



(B.IO) 
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